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a b s t r a c t
The Modifiable Areal Unit Problem (MAUP) is a famous issue in spatial analysis that states
the output of a spatial analysis is influenced by the spatial extent of the units used in the
analysis. This study demonstrates that the MAUP is accompanied with another intractable
spatial issue in spatial modeling; the Modifiable Conceptual Unit Problem (MCUP). The
MCUP states that the conceptualization of spatial processes impacts the output of spatial
analysis and occurs when a model with one spatial dimension is applied to a spatial model
with more than one spatial dimension. This study demonstrates the MCUP by developing
three conceptual models of dispersal and showing how they produce different results even
when given the same initial dispersal curves and areal units. Three conceptual models of
dispersal (sum of curve points model, area of distance range model, and the volume of dis-
tance range model) are described and applied to a grid landscape with a single point of
dispersal and a grid landscape with multiple points of dispersal. A Geographic Information
System (GIS) is used to evaluate how the models differ in their distribution of pollen or
seeds across the landscapes. The three models of dispersal are each valid conceptualiza-
tions of the dispersal process, but when given the same dispersal curve parameters, they
produce different distributions of dispersed items across grid landscapes. The sum of curve
points model is the least complicated model because it only uses a few points from the
defined dispersal curve. The area of distance range model uses the entire dispersal curve,
but is based on a single dimension of space and thus conceptually abstracted from the grid
landscape. The volume of distance rangemodel uses the two spatial dimensions present in
the grid landscape and thus is the most conceptually sound model of the three. The under-
lying conceptualization of the dispersal process can impact the results of dispersal models.
Applying dispersal curves with one spatial dimension to grids with two spatial dimensions
makes inherent assumptions about the conceptualization of dispersal. This study highlights
the necessity of researchers to declare their conceptual models of dispersal when applying
modeled dispersal curves to grid landscapes.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction
1.1. Areal units and conceptual units
A fundamental tenant of spatial analysis is that the spatial units used in an analysis are ‘‘arbitrary with respect to the
phenomena under investigation, yet the aggregation units usedwill affect statistics determined on the basis of data reported
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in this way’’ (O’Sullivan and Unwin, 2003). This issue underlies any spatial analysis that aggregates phenomena in space
and is known as the Modifiable Areal Unit Problem (MAUP). The MAUP issue is well documented and is a foundational
consideration in the spatial analyses of any discipline whether it is explicitly discussed (Jelinski and Wu, 1996; Dark and
Bram, 2007) or implicitly considered (Saura and Martinez-Millan, 2001; Wu et al., 2002). While the problem of aggregation
in spatial units has become established in the academic literature through the MAUP, a related issue regarding the
conceptualization of dispersal across spatial units has not been developed. This study introduces the problem of conceptual
units in spatial analysis (the Modifiable Conceptual Unit Problem; MCUP) through the development of three models of
dispersal that use different conceptual units to represent the dispersal process.
An areal unit is easily understood through the consideration of a tile floor. If we cover the floor with square tiles, we
see an entire space broken into equally sized parts. We also recognize that we can make patterns or images by changing
the color of some of the tiles. The key to understanding the MAUP in this example is recognizing that the size of the tiles
impacts the nature of the patterns or images that can be made. As tile size decreases, more details can be expressed in the
patterns or images. As tile size increases, the smaller tiles are aggregated within the larger tiles, thus changing the nature of
the patterns or images. To understand the nature of a conceptual unit, we can think of a water sprinkler in the same tiled
room. If we assume a dispersal curve that decreases the amount of water dispersed as distance from the sprinkler increases,
we produce a model of dispersal that has the amount of water dispersed on the y-axis and distance from the sprinkler on
the x-axis. The problem we have is that the tiled room has two spatial dimensions while our dispersal model only has one
spatial dimension. A conceptual unit is the way we apply the dispersal curve with one spatial dimension to the tiled floor
that has two spatial dimensions.
While the example of a tiled room and a sprinkler is useful for understanding the natures of areal and conceptual
units, it fails to communicate the real-world implications of the MAUP and the MCUP. Whereas the MAUP has already
been established as foundational to spatial analysis in the academic literature (Jelinski and Wu, 1996; Saura and Martinez-
Millan, 2001;Wu et al., 2002; O’Sullivan and Unwin, 2003; Dark and Bram, 2007), the MCUP is a new consideration that has
important consequences for any theoretical or applied dispersal analysis. This study uses the existing ecological literature
regarding pollen and seed dispersal to demonstrate the existence and importance of the MCUP by developing three models
of dispersal that use different conceptual units and thus produce quantitatively different results.
1.2. Modeling dispersal
Although the process of dispersal has a vast literature in both population genetics and landscape ecology, particularly for
the dispersal of pollen and seeds, the estimates of pollen and seed dispersal distances vary widely, even between species in
the same genus. Estimates of pollen dispersal for pine species range from well under a hundred meters to many thousands
of meters (Wright, 1952; Wang et al., 1960; Lindgren et al., 1995; Marquardt and Epperson, 2004; Robledo-Arnuncio et al.,
2006). Pine seeds also have a considerable range of dispersal distance estimates (Epperson and Allard, 1989; Nathan et al.,
2000;Gonzalez-Martinez et al., 2002; VanderWall, 2003;Grace et al., 2004). Thesewide ranges of dispersal distances suggest
that the landscape contexts of the studies may be important factors in the observed characteristics of dispersal. In order
to understand dispersal at the landscape level, the estimates of pollen and seed dispersal, as modeled with mathematical
representations of dispersal, need to be applied to representations of landscapes. A Geographic Information System (GIS)
provides the platform which can apply models of dispersal to landscapes and help integrate the process of dispersal with
the patterns of species locations in landscapes. This study develops conceptual models of dispersal, which is a prerequisite
to the use of GIS to model dispersal through real landscapes.
Most studies of pollen and seed dispersal follow one of three methodologies: ecological observation, genetic analysis,
and dispersal modeling. Ecological observation studies have included using pollen and seed traps (Wright, 1952; Wang
et al., 1960; Nathan et al., 2000; Hewitt and Kellman, 2002), tracking dispersed items (Iida, 1996; Pons and Pausas, 2007),
and observation of dispersers and offspring (Johnson, 1988; Lindgren et al., 1995; Gomez, 2003). Genetic analysis studies
of dispersal use the relationships between individuals to develop estimates of dispersal curves and distances for pollen
and seeds (Shen et al., 1981; Dow and Ashley, 1998; Streiff et al., 1999; Gonzalez-Martinez et al., 2002; Grace et al., 2004;
Austerlitz et al., 2007). Dispersalmodeling studies broadly examinemathematical representations of dispersal and how they
can be impacted by various environmental factors (Okubo and Levin, 1989; Malanson and Armstrong, 1996; Meagher et al.,
2003; Smouse and Sork, 2004; Schueler and Schlunzen, 2006;Williams et al., 2006; Kuparinen et al., 2007; Snall et al., 2007).
Ecological observation studies look directly at the dispersed objects (e.g.Wright, 1953, Iida, 1996 and VanderWall, 2003)
or evidence of object movement, such as pollination due to the transport of pollen grains (Lindgren et al., 1995). These
types of studies typically describe dispersal through the development of dispersal curves (Wright, 1952, 1953; Wang et al.,
1960; Johnson, 1988; Nathan et al., 2000), or distance-based descriptions of movement (Lindgren et al., 1995; Iida, 1996;
Hewitt and Kellman, 2002; Vander Wall, 2003; Pons and Pausas, 2007). The dispersal curves provide a quantification of the
dispersed objects along a distance axis (with the height of the curve representing the amount of dispersant transported
a certain distance from the point of origin, while the studies with distance-based descriptions typically only provide an
average distance of dispersal and observed dispersal distance limits). Even though the distance-based descriptions help
conceptualize the limits of dispersal over space, the dispersal curves are more useful for modeling how a total amount of
dispersal objects is partitioned to the space around the origin of dispersal. Conceptually, the dispersal curves model an even
dispersal of objects based on a mathematical equation, while distance based descriptions are used to describe clumped or
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uneven dispersal, such as the dispersal of seeds by birds or rodents that cache many seeds at a specific location (Iida, 1996;
Gomez, 2003; Vander Wall, 2003).
Studies of dispersal based on genetic analysis generally use models of parentage (Shen et al., 1981; Burczyk et al., 1996;
DowandAshley, 1998; Streiff et al., 1999; Gonzalez-Martinez et al., 2002; Burczyk et al., 2004; Dutech et al., 2005; Valbuena-
Carabana et al., 2005) or maternity exclusion analysis (Grace et al., 2004) to determine how pollen and seeds move over
space. The spatial information gained from these types of studies can be used to develop dispersal curves to model the
movement of pollen and seeds in landscapes (Austerlitz et al., 2004, 2007; DiLeo et al., 2014). In contrast to ecological
observation-based dispersal curves that model the total dispersal of pollen and seeds from a dispersal point, genetically
derived dispersal curves are based on sampled seedling or adult populations. Just because a seed or pollen grain is dispersed
does not mean that it will result in the development of a progeny of the dispersal source. Genetic analysis studies therefore
develop dispersal curves that reflect the dispersal of only successful pollen and seeds.
Studies that model dispersal are extremely varied in their methodologies. Approaches include modeling based on the
following: atmospheric processes responsible for pollen and seed transport (Schueler and Schlunzen, 2006; Kuparinen et al.,
2007), statistically partitioned parentage (Smouse and Sork, 2004; Robledo-Arnuncio et al., 2006), dispersal in complex
landscapes (Malanson and Armstrong, 1996), and dispersal based on mathematical probability (Okubo and Levin, 1989;
Tufto et al., 1997; Meagher et al., 2003; Meagher and Vassiliadis, 2003; Williams et al., 2006; Snall et al., 2007). While the
objective of these studies is to model dispersal over space, only Malanson and Armstrong (1996), Tufto et al. (1997), and
Meagher et al. (2003) take the totality of the landscape into consideration. The methodological and objective specificity
of dispersal modeling studies limits their applications beyond the parameters defined by the authors. The examination of
conceptual dispersal models in this paper presents a framework of spatial dispersal modeling for grids that can be broadly
applied to various scenarios, including the movement of inanimate ecological items, biological pathogens, and energy. This
study uses pollen and seed dispersal for examples.
The objective of a study determineswhich of these three approaches, ecological observation, genetic analysis, or dispersal
modeling, is most appropriate for the analysis of dispersal in a particular instance. Total pollen and seed dispersal is most
accurately described by ecological observation studies. Transport of pollen that results in fertilization and dispersal of seeds
to effective germination sites is best analyzed through genetic data obtained from the sampling of seedlings and adults;
i.e., the results of successful dispersal. Both types of studies can be preformed for the same individuals in a landscape, but
the resulting dispersal curveswill reflect the respectivemethodologies, andwill potentially give different representations of
dispersal. Because the number of individuals in a landscape is often enormous, and the costs to obtain information on each
individual in a population can be prohibitive, using dispersal curves developed from a population sample is an important
tool for modeling the occurrence of dispersal within a landscape.
There are numerous factors that can impact dispersal to alter an isotropic (directionally even) pattern of dispersal to
an anisotropic pattern (directionally uneven) (Wagner et al., 2004; Dutech et al., 2005; Austerlitz et al., 2007), or that can
otherwise alter the structure of dispersal (Malanson and Armstrong, 1996; Wiens, 2001; Malanson, 2003; Ghazoul, 2005;
Snell, 2014). The directionally uneven flow of air, patterns of animal movement, and topography can cause pollen and seeds
to have anisotropic distributions. Inherent to models of anisotropic, or otherwise altered, dispersal patterns are conceptual
null models of dispersal; these provide an isotropic starting point for the development of more complex models (e.g., that
represent anisotropic landscapes or dispersal that is somehow altered from a simple case). This study develops these null
models of dispersal that can be used to model the basic patterns of dispersal in landscapes.
1.3. Spatial dimensions and dispersal modeling
While the dispersal of pollen and seeds has been extensively studied using a wide variety of techniques, the spatial
aspects of dispersal are usually oversimplified.Most studiesmodel dispersal as following some decaying curvewith distance
on the x-axis. This is a one-dimensional consideration of space that fails to consider how the decay curve can be applied
to actual landscapes from which the data used to develop the curves were obtained. These studies distill information
from spatial landscapes that are at least two-dimensional into a single spatial dimension (i.e., distance from the dispersal
origin). Modeling dispersal with only one spatial dimension implicitly assumes that dispersal is isotropic. Models with
one dimension of space assume that dispersal is even for all directions, while anisotropic dispersal includes directional
dependence. Thus, applying modeled dispersal curves to landscapes naturally assumes isotropic dispersal. Extending one-
dimensional dispersal curves to landscapes with two spatial dimensions is an important step to understanding how the
movement of pollen and seeds occurs at the landscape level. This study examines methods of modeling dispersal for grid
landscapes.
A fundamental issue with applying data modeled from points to landscapes is how to partition the landscape into units.
Within an area where dispersal occurs, there are an infinite number of points that can receive pollen or seeds. Modeling the
area as a grid, which is the structure of raster data layers, creates a usable surface, with grid centroids that are compatible
with point values obtained from a dispersal curve. This study proposes the following three models to conceptualize the
application of dispersal curves to grid landscapes.
1. The point values of the decay curve can be applied to each cell in the grid landscape based on each cell’s distance from
the dispersal cell (sum of curve pointsmodel).
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2. The area under the curve can be partitioned to cell centroids that are within defined distance ranges from the origin of
dispersal (area of distance rangemodel).
3. In a similar manner, if the decay curve is rotated around the y-axis to create a three-dimensional object of dispersal,
the volumes above the distance ranges can be partitioned out to the cell centroids within the distance ranges (volume of
distance rangemodel).
This study first develops these three conceptual models of dispersal in a grid landscape, defines assumptions associated
with each, and explores how they compare to each other. It then examines how the models are influenced by varying forms
of a decay curve. Finally it discusses strengths and limitations of the differentmodels, defines the conceptual units employed
by each model, and demonstrates that using different conceptual units to model dispersal produces quantitatively different
results thereby demonstrating the MCUP. Dispersal initially is modeled from a single point in a landscape and builds to
dispersal from multiple points to improve our understanding of how dispersal can be modeled in two spatial dimensions.
The results of this study will help researchers apply their dispersal curves recursively to the landscapes from which they
were developed. This interdisciplinary area of studywill help geographers engagewith population geneticists and landscape
ecologists to develop a greater understanding of the spatial aspects of pollen and seed movement. This work can also be
applied to any discipline that utilizes the concept of dispersal.
2. Methods
2.1. Single cell dispersal
This study models separately dispersal from a single cell, as well as from multiple dispersal cells, in a grid to all grid
cells within a defined distance limit. The single dispersal cell landscape shows how different conceptualizations of dispersal
and different forms of the negative exponential curve affect dispersal from one cell to all the cells in the landscape that are
within a defined distance limit. Themultiple dispersal cell landscape is similar except that it depicts dispersal frommultiple
points and, consequently, is more representative of dispersal occurring within natural spatial patterns of plants. Because
dispersal can occur across borders, the analysis area of the multiple dispersal cell models must be buffered by the defined
distance limit of dispersal to ensure that the impacts of dispersal cells outside of the analysis area are considered. This larger
grid allows the dispersal of a single dispersal cell in the analysis area to be modeled beyond the border of the analysis area,
which shows the total impact of the dispersal cell within the defined distance limit of dispersal.
The analysis area for the single dispersal cell models contained all cells whose centroids are within 100 units of the
10 × 10 unit dispersal cell’s centroid, which resulted in a 21 × 21 grid. The analysis area for the multiple dispersal point
landscape was defined as a 10× 10-cell grid, with a cell resolution of 10 units. In order to examine dispersal to and from all
the cells in the analysis area, a buffer of at least 100 units around the analysis area is required. A 30× 30-cell raster layer was
created to ensure the dispersal of cells outside of the center 10× 10-cell analysis area to cells within the analysis area was
considered. The raster layer was converted into a text file and imported into ArcMAP 9.2 (ESRI 1999–2009) in an ASCII GRID
format. The raster file was converted into a point shapefile with the points representing the centroids of the raster cells.
The software program Hawth’s Tools (Beyer, 2004) was used to create a distance matrix for all 900 points. Manipulations of
the distance matrix to examine how the negative exponential curve, y = e−λx, can be modeled for grids were performed in
Microsoft Excel 2007.
The dispersal distributions from a single cell were examined using the distances from a cell in the center analysis area
to all cells in the matrix for the forms of the curve constant λ = 0.001, 0.01, 0.1, and 1.0. Only cells within 100 units
of the analysis cell were included in the analysis; all cells more distant from the source cell were omitted. Three ways of
conceptualizing dispersal were modeled for the cell: the sum of all points on the dispersal curve for all cells in the dispersal
radius (sum of curve points) (Fig. 1), the partitioning of the area under a dispersal curve to the cells in the dispersal radius
(area of distance range) (Fig. 2), and the partitioning of the volume under the rotated dispersal curve (volume of distance
range) (Fig. 3). For the sum of curve points dispersal, the values of y in the negative exponential curve for every distance (x)
from the dispersal cell were calculated and the proportion of the total dispersal was applied to the cells. The number of
cells within each progressive 10-unit distance range from the dispersal cell was determined for the area of distance range
and volume of distance range models. The area under the dispersal curve for each distance range was distributed evenly to
the cells in the distance range (including the dispersal cell in the 0–10 unit range) for the area of distance rangemodel. The
same partitioning was used for the volumes under the negative exponential curve for each distance range of the volume of
distance range model. The integration of the negative exponential curve required to find the areas and volumes under the
curve was performed using Wolfram’s Online Integrator (Wolfram Research Inc. 2010).
2.2. Multiple cell dispersal
The hypothetical landscape pattern used to model multiple cell dispersal was patterned after a reclassified landcover
layer that represented forest cover in an area of Gwinnett County, Georgia, USA. This patternwas used because it represented
a moderately fragmented landscape with dispersal agents native to the data layer. The use of this pattern is not meant to tie
the models in this study to a particular ecological context. The pattern merely acts as a non-random, multiple cell dispersal
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Fig. 1. Sum of curve pointsmodel of dispersal for λ = 0.1. Black arrows represent values on the decay curve given to cell centroids based on their distances
from the dispersal cell. The dispersal to each cell is determined by the point on the dispersal curve at the distance each cell is from the origin of dispersal
(center grid cell). Each cell’s dispersal amount based on the curve points is divided by the sum of the dispersal amounts of every cell within the defined
limit of dispersal to find the proportion of dispersal to each cell.
Fig. 2. Area of distance rangemodel of dispersal for λ = 0.1. Each colored area of the chart represents the area under the curve for each 10-unit distance
range that is divided among the cell centroids within each distance range on the grid. Distance ranges include the cell centroids that fall on the outer range
limits.
landscape for the purpose of showing how the type of model and the form of the dispersal curve influence the occurrence of
dispersal in landscapes. A 30× 30-cell grid of the landcover pattern, where cells of forest cover were considered dispersal
cells, was created with the 10 × 10-cell analysis area in the center. The same analysis procedures for the single pixel
dispersal were used, except that multiple (rather than only single) dispersal source cells were taken into account. To create
the dispersal matrix, the columns of cells that were not dispersal cells were removed from thematrix. The rows for all of the
cells and their distances from the dispersal cells remained for analysis. As with the single cell dispersal models, λ values of
0.001, 0.01, 0.1, and 1.0 were used in the negative exponential curve for the sum of curve points, area of distance range, and
volume of distance rangemodels.
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Fig. 3. Volume of distance range model of dispersal. Colored rings represent the distance ranges under the curve surface for each 10-unit distance range
whose volumes are divided among the cell centroids within each distance range. Distance ranges include the cell centroids that fall on the outer range
limits. This model takes the areas of the distance ranges in the area of distance rangemodel and rotates them around the axis of the origin of dispersal to
make three dimensional shapes, with the volume of each defined by the annulus that constitutes its base and the height of the shape below the curve. Each
volume is divided among the cell centroids within each distance range.
2.3. Dispersal modeling assumptions
All three models, whether applied on a single-cell or multiple-cell dispersal basis, make a number of assumptions. These
assumptions are:
1. Every dispersal cell disperses the same amount.
2. Every dispersal cell disperses according to the same dispersal curve.
3. There is a defined maximum distance at which dispersed items are considered. The negative exponential curve extends
indefinitely on the x-axis so a distance limit to dispersal must be declared.
4. Dispersal is isotropic.
The evaluation of themodelswas based on logical coherence and ease of use. In this study, logical coherence is a reflection
of how well the models represent the one-dimensional dispersal curve when applied in a two-dimensional landscape. Ease
of use is evaluated through the mathematical complexity of the models.
3. Results
3.1. Single cell dispersal
The area of distance range model of dispersal most clearly shows the forms of the negative exponential curve, as this
model simply partitions 10 unit sections of the curve to the cells whose centroids are within the distance ranges. As the λ
values for the curve decrease, the curve flattens out and the distance ranges have increasingly similar parts of the curve out
to the 100 unit limit (Fig. 4). The volume of distance range model also partitions a defined total amount equally to the cells
whose centroids are within each corresponding distance range. Where the area of distance range partitions the values of a
two dimensional area that fall under a curve, one dimension of which is space, the volume by distance range model partitions
a three dimensional volume, two of which are space. Unlike the area of distance range model, the volume of distance range
model shows an increase in the amount of dispersal to the farther distance ranges for the lower λ values (Fig. 4). The sum
of curve points model behaves similarly to the volume of distance range model. The 0.001 and 0.01 λ values both show an
increase in dispersal to farther distance ranges (Fig. 4).
All of themodels show the same result for the largestλ value, that dispersal is almost entirely limited towithin 10 units of
the dispersal point (Fig. 4). The models differ on how that dispersal is partitioned out to cells. The sum of curve pointsmodel
does not partition the total of the distance ranges, so the dispersal from the negative exponential curve with a λ value of 1
is contained within the cell from which the dispersal originated (Fig. 5). The area of distance range model and the volume of
distance rangemodels partition the amount of dispersal evenly to the cells within the distance range, so the cells adjacent to
the dispersal origin cell and the origin cell have the same amount of dispersal, just under the maximum of twenty percent
of the total dispersal (Fig. 6).
The increase in amount of dispersal to the farther distance ranges seen in the sumof curve points and the volume of distance
rangemodels is counterbalanced by the increasing number of cells in the more distant ranges and thus not apparent in the
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Fig. 4. Three models of the distribution of the negative exponential dispersal curve to distance ranges for variable λ values. The proportion of a total
dispersal amount of 1 is on the y-axis and 10 unit distance ranges are on the x-axis. The sum of curve points chart shows the sum of the proportion of
dispersal of the cell centroids for each distance range. The area of distance range and volume of distance range charts show the proportion of dispersal to
each distance range.
maps of dispersal. The area of distance range model has the slowest spread of dispersal as λ decreases while the volume of
distance rangemodel has the quickest spread of dispersal. At a λ value of 0.01, the sum of curve pointsmodel and the volume
of distance rangemodel have reached the limit of even dispersal within the defined 100 unit limit; only the area of distance
range model has not. At a λ value of 0.001, all of the models have every cell within the defined dispersal limit of 100 units
receiving between 2.5% and 0.02% of the total dispersal (Fig. 7).
3.2. Multiple cells dispersal
The multi-point dispersal landscape has an initial structure of more dispersal cells above the center analysis area than
below (Fig. 6). Within the analysis area there are several small connected dispersal cell patches and two isolated dispersal
cells.
When the negative exponential curve has a λ value of 0.001, the dispersal from cells within the analysis area is masked
by the contributions from dispersal cells above the analysis area and within the 100 unit dispersal limit (Fig. 7). All the
dispersal models show a gradation of low reception in the lower left of the center area that increases progressively towards
the upper right. This same pattern is present for a λ value of 0.01, with the area of distance rangemodel showing a slightly
more apparent local dispersal from the patch of dispersal cells in the upper left of the analysis area than the other models.
Once the λ value is increased to 0.1, dispersal from cells within the analysis area dominates the dispersal pattern within the
analysis area, and effects of dispersal from outside that focal area become less evident. The decay of the curve has become
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Fig. 5. Three models of dispersal from a single dispersal cell to all cells within a defined dispersal limit of 100-units for λ values ranging from 0.001 to 1
in the dispersal curve y = e−λx . The shades of gray represent the proportion of a total dispersal value of 1 for each cell in the grid.
steep enough at this point that some isolated non-dispersal cells only have between 0 and 10% of their possible receipt
(Fig. 7). The isolated dispersal cells have also become distinguishable from their non-dispersal neighbors in the sum of curve
pointsmodel. At a λ value of 1, the sum of curve pointsmodel show dispersal is over 90% contained to the dispersal cells. The
area of distance range and volume of distance rangemodels show amore complex dispersal pattern due to the partitioning of
the dispersal within 10 units from the centroid of the dispersal to five cells. This partitioned dispersal makes it difficult to
identify isolated dispersal cells for these models.
4. Discussion
4.1. Conceptual units and single cell dispersal
The area of distance range model most closely represents the concept of the dispersal curve with space occupying one
dimension. It partitions the area under a single curve out to a defined dispersal limit to the cell centroids within distance
ranges. The conceptual units of this model are the sections of the area under the dispersal curve that are partitioned to
the cell centroids that fall within the defined distance ranges. This results in the area of distance rangemodel retaining the
identifiable shapes of the dispersal curves when the dispersal to each distance range is charted (Fig. 4). Although the area of
distance rangemodel retains the form of the decay curve, it is less conceptually coherent than the other models of dispersal
because the dispersal values based on one dimension of space are partitioned to points that represent an area with two
spatial dimensions. This model forces the form of the dispersal curve on the total dispersal to each distance range.
The volume of distance range model is similar to the area of distance range model in that both models partition a total
amount of dispersal with distance ranges to the cell centroids within the ranges. Despite this similarity, the volume of
distance range is more closely related to the sum of curve points model. Because the area of distance range model is based
on the area between one spatial dimension and the decay curve that is segmented into equal range distances, the only
variable that changes the amount of dispersal to each distance range is the decay curve. The volume of distance rangemodel
is also based on equal distance ranges, but because the distance ranges are increasingly farther away from the dispersal
point, the areas of the rings under the rotated dispersal curve become progressively larger. This results in the total dispersal
to each distance range for the volume of distance rangemodel producing similar results to the sum of curve pointsmodel. The
volume of distance rangemodel is themost conceptually accurate representation of dispersal in this study because it includes
two spatial dimensions in the production of the dispersal values that are partitioned to the cell centroids within the distance
ranges. The conceptual units of the volume of distance rangemodel are the volumes of the distance ranges produced as the
dispersal curve is rotated around the axis of dispersal amount to produce two spatial dimensions.
Conceptually, the sumof curve pointsmodel represents two spatial dimensions through the additive use ofmultiple points
on the dispersal curve that extend from the point of dispersal out to each cell centroid of the grid that is representing the
study area. The conceptual units of the sum of curve pointsmodel are the specific values on the dispersal curve that occur at
the distances of the cell centroids from the dispersal point. This results in any part of the dispersal curve that does not occur
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Fig. 6. Multiple cell dispersal landscape with center analysis area highlighted in gray and dispersal cells in black with points for centroids. Cell sides are
10-units.
at the same distance from the dispersal point as a cell centroid to not be included in the dispersal model. While the sum of
curve points model is not as conceptually tidy as the volume of distance range model, it is mathematically simpler and thus
easier to use.
Ideally, the volume of distance rangemodel would be modified so that it attributed the volume above each cell and under
the rotated dispersal curve to the cell centroids instead of partitioning the volumes of rings out to associated cell centroids.
This model would consider two spatial dimensions in dispersal amount allotment to cell centroids and would allow each
cell to represent only the volume of the rotated dispersal curve above the areas of the cells. Such a model would be very
difficult to develop due to the complex shapes that the cells would cut from the slope of the rotated dispersal curve. While
this model would seem to be conceptually preferable to the models described in this study, the sum of curve points model
is actually closely related to this ideal volume model. Three-dimensional volumes are found through multiple integration,
which are based on Riemann sum approximations. These Riemann sum approximations are simply the sum of the volumes
of boxes under the surface curve. As the number of boxes increases, the approximation of the volume under the surface
becomes more accurate. If we consider the value where the curved surface passes over each centroid as the heights of each
of the boxes of a Riemann sum, and we cancel out the equal base areas of every cell, we are left with just the heights at the
cell centroids representing the volumes of the boxes. This is equal to the sum of curve pointsmodel of dispersal in this study.
Consequently, the sum of curve pointsmodel is equal to a Riemann sum approximation model of volume based dispersal.
All of themodels in this study have their own advantages that influence whichmodel is most appropriate for a particular
situation. The sum of curve pointsmodel ismathematically the simplestmodel to apply to grid landscapes. It does not require
calculus like the area of distance range and volume of distance rangemodels. The area of distance rangemodel preserves the
formof the dispersal curve in a gridwith two spatial dimensions. The volume of distance rangemodel is themost conceptually
coherentmodel because it partitions a volumebased on two spatial dimensions to a grid that also has two spatial dimensions.
Researchers need to determine which model is the most appropriate for their data based on these differences.
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Fig. 7. Proportions of a total dispersal value of 1 to each cell within the analysis area for a multiple cell landscape for three models of dispersal based on
variable λ values for the negative exponential curve y = e−λx . Analysis area includes the influences of cells within 100-units (the dispersal limit) of the
analysis area. Dispersal cells are indicated by point centroid.
4.2. Multiple cell dispersal
Themodeling of dispersal in landscapeswithmultiple dispersal points requires several decisions about application of the
dispersal curve to a landscape. Beyond deciding which dispersal curve to use, the limit of dispersal needs to be considered.
The influence of dispersal points outside of the analysis areamust be factored into studies of landscape dispersal. By buffering
the analysis area by a defined distance limit of dispersal, the contributions of dispersers just outside of the analysis area are
included. Depending on how the curve is described, this procedure can be criticized as not taking long distance dispersal into
account. The influence of long distance dispersal for the population genetics of plant species is an important and ongoing
area of study (Cain et al., 2000; Bullock and Clarke, 2000; Nathan et al., 2002) that should be the focus of future studies of
dispersal modeling.
Themethods of this study apply most directly to the counts of dispersed items from a source point. If the influence of the
dispersed items does not correspondwith the number of items dispersed over space, a readjustment of the dispersal curve is
necessary to reflect this influence. This would be necessary if items dispersed from longer distances have more impact than
locally dispersed items. This disparity is typified by the foci of the ecological observation studies (e.g.Wright, 1952, Iida, 1996,
Johnson, 1988) and the genetic analysis based studies of dispersal (e.g. Streiff et al., 1999, Gonzalez-Martinez et al., 2002,
Austerlitz et al., 2004 and Grace et al., 2004). The dispersal of seeds and pollen asmodeled by ecological observation does not
necessarily reflect the dispersal of progeny, as a large amount of pollen and seeds that are dispersed close to the dispersal
origin are in a limited amount of space for the development of progeny. In models of dispersal that develop dispersal curves
with one dimension of space (e.g. Okubo and Levin, 1989, Meagher et al., 2003 and Austerlitz et al., 2004), 10 distance units
from the dispersal origin occupy the same amount of space as 10 distance units that start at any distance from the dispersal
origin. When these curves are applied to two spatial dimensions, the 10 distance units become rings that increase in area
as distance from the dispersal origin increases. While fewer items are dispersed to these distances, there is a greater area
for progeny establishment. Genetic analysis studies are able to develop dispersal curves that reflect the ability of dispersed
pollen and seeds to develop into progeny.
4.3. Isotropic/anisotropic considerations
The dispersal of pollen and seeds is suspected to have anisotropic dispersal patterns based on varied local conditions
that alter the dispersal from an isotropic pattern (Wagner et al., 2004; Dutech et al., 2005; Austerlitz et al., 2007; Viner
and Arritt, 2012). This study developed methods to model isotropic dispersal. Factors that make dispersal anisotropic in
landscapes can be accounted for through the manipulation of the dispersal matrix. Future studies should examine how
different conceptualizations of dispersal impact anisotropic modeling for grid landscapes. An interesting property of the
modeled isotropic dispersal for multiple dispersal point landscapes in this study is that the dispersal from a dispersal cell to
other dispersal cells is equal to the received dispersal from the other dispersal cells. This is because in an evenly partitioned
landscape where all dispersal follows the same decay curve in an isotropic pattern, distance is the determining variable for
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how much dispersal occurs from one dispersal cell to another dispersal cell. Because two dispersal cells disperse based on
the same distance to each other on the same decay curve, they disperse an equivalent amount to each other. This principle
of isotropic equivalence results in no dispersal cell receiving more or less total dispersal than it disperses. Once dispersal is
non-isotropic, this equivalence is broken.
The development of dispersal landscapes is an important step for landscape geneticists to understand how the dispersal
curves that are generated for species can be applied to two-dimensional representations of space. Recent approaches to
dispersal modeling in landscape genetics have conceptualized space without considering the entire landscape (Austerlitz
et al., 2004; Dyer and Nason, 2004; Dyer, 2009; Damschen et al., 2014), i.e., incorporating primarily the specific locations
of individuals or populations sampled, without explicit information on the intervening landscape matrix. When individuals
are aggregated into irregular shapes or represented by points that do not constitute regular components of a landscape,
the spatial integrity of models is compromised. Within larger shapes, grouping individuals into populations can cause
individuals to be represented by a center point that is spatially distant from their true locations. More work is required
to understand the spatial considerations of dispersal within population genetics and how pollen and seeds move through
actual landscapes composed of heterogeneous habitats.
4.4. MCUP implications
The development of dispersal curves for models of pollen and seed movement in landscapes has an expansive literature
that covers numerousmethodologies and continues to advancewith the proliferation of genetic technology. The application
of these dispersal curves to grid landscapes requires the consideration of different conceptual methods for applying curves
with a single spatial dimension to gridswith two spatial dimensions. The results ofmodeling dispersal landscapes vary based
on the conceptual model employed. The issue of conceptual unit variability and its impacts, introduced in this study as the
Modifiable Conceptual Unit Problem (MCUP), constitutes a fundamental issue in spatial analysis in the same vein as the
Modifiable Area Unit Problem (MAUP). More attention needs to be given to the conceptual issues that arise when dispersal
models change the number of spatial dimensions being employed.
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